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Abstract. The relation between different notions measuring proximity to 
ii and distortability of a Banach space is studied. The main result states that 
a Banach space, whose all subspaces have Bourgain ^i-index greater than w", 
a < uji, contains either an arbitrary distortable subspace or an £f -asymptotic 
subspace. 

1. Preliminaries 

The study of asymptotic properties and in particular complexity of the 
family of copies of in Banach spaces is closely related to investigating 
their distortability, cf. [I7l [HI [H] . The investigation of arbitrary distortion 
of Banach spaces is concentrated mainly on £i-asymptotic spaces. The first 
tool measuring the way ii is represented in a Banach space is provided by 
Bourgain £i-index. Another approach is given by higher order spreading 
models, studied extensively in mixed and modified mixed Tsirelson spaces. 
The £i-asymptoticity of higher order of a Banach space can be measured by 
constants introduced in [19j . 

We present here an observation, in the spirit of the theorem of [17] recalled 
below, relating distortability of a Banach space to the "proximity" to ii 
measured by the tools presented above. 

Theorem 1.1. p?7] Let X be a Banach space. Then X contains either 
an arbitrarily distortable subspace or an ip (1 < p < oo) or cq- asymptotic 
subspace. 

Our main result states that a Banach space with a basis, whose all block 
subspaces have Bourgain £i-block index greater than tu", contains either an 
arbitrary distortable subspace or a ^"-asymptotic subspace. In particular 
a space saturated with £^-spreading models generated by block sequences 
contains either an arbitrary distortable subspace or an £^-asymptotic sub- 
space. We obtain as a corollary the theorem presented in [I5]. Analogous 
results hold also in cq case. As a corollary we obtain that the "stabilized" 
(with respect to block subspaces) Bourgain £i-block index of a space with 
bounded distortion not containing ii is of the form o;'^^ for some non-limit 
7 < tui. 
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We recall now the basic definitions and standard notation. Let X be a 
Banach space with a basis (ej). A support of a vector x = Xj^G-i^ IS the set 
supp a; = {i G N : 7^ 0}. We shall use also interval support of a vector 
X & X - the smallest interval in N containing support of x and denote it by 



Given any x — Ylii^i^i '^^^ finite C N put Ex = X]ie_t •^'t'^'f We write 
X < y for vectors x,y E X, if max{supp x) < mm{supp y). A block sequence 
is any sequence (xi) C X satisfying xi < X2 < ■ ■ ■ , a block subspace of X - 
any closed subspace spanned by an infinite block sequence. If y is a block 
subspace of X spanned by a block sequence (yj) then 1^, n e N, denotes the 
"tail" subspace spanned by {yi)i>n and EY , E G N, denotes the subspace 
spanned by {yi)ieE- 

A basic sequence {xi, . . . ,Xk) in a Banach space is K- equivalent to the 
unit vector basis of A;-dimensional space ii (resp. cq), for some K > 1, if 
for any scalars Oi, . . . , we have 7i'||aia;i + • • ■ + akXk\\ > |cii| + • • • + 
(resp. \\aiXi H h UkX^W < K max.{\ai\, . . . , |afe|}). 

Definition 1.2. A Banach space {X, \\ • ||) is X— distortable, for A > 1, if 
there is an equivalent norm | • | on X such that for any infinite dimensional 
subspace Y of X 



A Banach space X is arbitrary distortable, if it is A— distortable for any 



A Banach space X has D- bounded distortion, if for any equivalent norm 
I • I and any infinite dimensional subspace F of X there is a further infinite 
dimensional subspace Z of y such that |a;|/||a;|| < for any non- 

zero x,y E Z. A Banach space has bounded distortion if it has D-bounded 
distortion for some D >1. 

Notice that any Banach space X contains either an arbitrary distortable 
subspace or a subspace with bounded distortion. 

Given any M C N by [M]<°° denote the family of finite subsets of M. 
A family T C is regular, if it is hereditary, i.e. for any G <Z F, 

F E T also G E spreading, i.e. for any integers ni < • • • < and 
mi < ■■■ < ruk with Ui < rrii, i = l,...,k, if {rii, . . . ,nk) G then 
also (mi,...,mfc) G J-', and compact in the product topology of 2^. If 
J-' C [N]^°° is compact, let J^' denote the set of limit points of T. Define 
inductively families a ordinal, by putting JT^ = JF, :r(«+i) = (JT^)' 



supp X. 



sup s -p- r : 1/ G y, ||a;|| = \\y\\ = 1 > > A 

{\y\ J 




A> 1. 
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for any a ordinal and JF" = ^^^^ T'^^^ for any a limit ordinal. Define index 
i[T) = mi{a : = 0}. 

A tree on a set 5" is a subset of U^i '5'"' such that {xi, . . . ,Xk) G T 
whenever (xi, . . . ,Xk,Xk+i) G T, G N. A tree T is well-founded, if there 
is no infinite sequence (xj) C S with (xi, . . . , Xk) G T for any /c G N. Given 
a tree T on S* put 

D(T) = {{xi, . . . ,Xk) : (xi, . . . , Xfc, x) G T for some x G 5} 

Inductively define trees D"(r): L)O(r) = T, = D{D'^{T)) for a 

ordinal and D^'iT) = f]^^^D^(T) for a limit ordinal. The order of a well- 
founded tree T is given by o(T) = inf{a : D^iT) = 0}. 

Let X be a Banach space with a basis. A tree T on X is an ii-K-block 
tree on X, K > 1, if any (xi, . . . ,Xk) G T is a normalized block sequence 
i^'-equivalent to the unit vector basis of /c-dimensional space ii. An £i-block 
tree on X is an ^i-i^-block tree on X for some K > 1. 

Let Ib{X,K) = sup{o(r) : r is a ^i-iT-block tree on X}, K > 1. The 
Bourgain ii-block index of X is defined by /^(X) = sup{/fc(X, K) : K > 1}. 

Theorem 1.3. ^lOj Let X he a Banach space with a basis not containing ii. 
Then Ib{X) = oj^ for some a < Ui and hiX) > Ib{X, K) for any K >1. 

Remark 1.4. Recall the close relation ([ID]) between /^(X) and /(X) - 
the original Bourgain £i-index defined as block index but by trees of not 
necessarily block sequences: for /(X) > uj'^ we have h{X) = /(X), if 
/(X) = cu"+S then Ib{X) = cu"+i or cj", n G N. 

The generalized Schreier families {Sa)a<iui of finite subsets of M, intro- 
duced in [Tj, are defined by the transfinite induction: 

So = {{n} : n G N} U {0} 

Suppose the families are defined for all ^ < a. If a = /3 + 1, put 

5« = {Fi U ■ ■ ■ U : m G N, Fi, . . . , e Sp, m < Fi < ■ ■ ■ < F^} 

If a is a limit ordinal, choose a„ y a and set 

Sa = {F : F G Sa„ and n < F for some n G N} 

It is well known that any family iSo, a < cui, is regular with t{Sa) = 
considered as a tree on N satisfies o{Sa) = uj", cf. [T]. 

Fix a < Ui. A finite sequence (Fj) of subsets of N is a— admissible 
(resp. a— allowable), if Fi < F2 < . . . (resp. (Fj) pairwise disjoint) and 
(minFj) G Sa- 
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Let X be a Banach space with a basis (e^), fix a < cui. A finite sequence 
(xj) C X is a-admissible (resp. a-allowable) with respect to the basis (e„), 
if {supp Xi) is a-admissible (resp. a-allowable). 

Definition 1.5. Fix a < ui. Let X be a Banach space with a basis (e„). 

A normalized block sequence (xi) C X generates an ii -spreading model 
with constant C > 1, if for any F G iSq the sequence {xi)i^F is C-equivalent 
to the unit vector basis of jj-F-dimensional space £i. 

The space X is i^- asymptotic (resp. ii-strongly asymptotic) with con- 
stant C > 1, if for any a-admissible (resp. a-allowable) w.r.t. (e„) sequence 
{^i)i=i is C-equivalent to the unit vector basis od fc-dimensional space £i. 

Obviously X is ^"-asymptotic with constant C iff all normalized block 
sequences in X generate ^"-spreading model with constant C. By the prop- 
erties of SaS, any block subspace of an -asymptotic (resp. strongly as- 
ymptotic) space with constant C is also ^"-asymptotic (resp. strongly as- 
ymptotic) with the same constant. The relations between Bourgain £i-block 
index and notions introduced above are described by 

Proposition 1.6. Let X be a Banach space with a basis. Fix a < uji. 
If X admits an i^-spreading model, then h{X) > cu". 
If X is an C"- asymptotic space, then Ib{X) > u°"^ . 

Proof. The first part follows from Theorem [O] and the fact that o{Sa) = u;". 
The second part follows from the proof of Theorem 5.19, [1^. We recall it 
briefiy. For any A^, A/" C [N]<°° put 

M[Ar] = {Fi U • ■ ■ U Ffc : Fi, . . . , Ffc e AT, m, < Fi < ■ ■ ■ < nik < 
for some (mi, . . . , m^) G A^, A; G N} 

Put [Sa]"" = Sa[. ■ ■ [<Sa]] (^ timcs). If X is ^"-asymptotic with constant C, 
then any normalized block sequence (xi, . . . , Xk) with (mm{supp Xi)) G [Sa]"' 
is C"-equivalent to the unit vector basis of fc-dimensional space ii. Since 
o([5q,]") = Co'""', [1], therefore hiX) > uo°'^ for any n G N, which ends the 
proof. □ 

Remark 1.7. The Definition 11.51 extends the well-known notions of ^i-asym- 
ptotic space (introduced in [17]) and spreading model generated by a basic 
sequence. The higher order £i-spreading models were introduced in [TT] 
and investigated in particular in [H [HI [15]. The constants describing Ci- 
asymptoticity of higher order were introduced and studied in [19]. The term 
£i-asymptoticity of higher order was explicitly introduced in [9], where also 
a criterium for arbitrary distortion in terms of £i-spreading models was 
given. The £p-strongly asymptotic spaces were introduced and studied in 
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[6J. Bourgain £i-index and £i-block index of various spaces in relation to ex- 
istence of higher order spreading models, distortability and quasiminimality 
were investigated in particular in [TOl [121 [IS, [T4] . 

We shall need additional norms given by the £i-asymptoticity of the space: 

Definition 1.8. Let U he a Banach space with a basis. Fix a < ui. If f/ 

is ^"-asymptotic with constant C, define an associated norm | ■ |o on ?7 by 

\x\a = sup < : Ei < ■ ■ ■ < Ek a — admissible, G N > , x E U 

If U is £°-strongly asymptotic, in the definition of associated norm we use 
allowable sequences instead of admissible ones. Clearly || ■ || < | ■ |a < C|| ■ || . 

Simpler versions of these norms were used to show arbitrary distortion 
of the famous Schlumprecht space, the first Banach space known to be 
arbitrary distortable, these norms also distort some mixed and modified 
mixed Tsirelson spaces P, SJ [T4] . 

2. Main result 

Now we present the main result, which shows that we can reverse the 
implication in Prop. 11.61 in spaces with bounded distortion. 

Theorem 2.1. Let X be a Banach space with a basis. Fix a < ooi. Assume 
that Ib{Y) > 00°" for any block subspace Y of X . Then X contains either an 
arbitrary distortable subspace or an asymptotic subspace. 

If, additionally, X is £\-strongly asymptotic, then X contains either an 
arbitrary distortable subspace or an ii -strongly asymptotic subspace. 

By Prop. 11.61 a Banach space admitting in any block subspace ^"-spreading 
models generated by normalized block sequences satisfies the assumptions of 
the Theorem 12. 1[ We have also the following Corollary, implying Theorem 

2.1, m- 

Corollary 2.2. Fix 1 < a < c^i. Let a Banach space X with a basis admit 
for any ^ < a in every block subspace spreading model generated by a nor- 
malized block sequence with a universal constant C > 1. Then X contains 
either an arbitrary distortable subspace or an -asymptotic subspace. 

If, additionally, X is i\-strongly asymptotic, then X contains either an 
arbitrary distortable subspace or an -strongly asymptotic subspace. 

Proof. Assume X has no arbitrary distortable subspaces. If a = /? + 1 for 
some P < Ui, then by Theorem 12.11 there is a £f -asymptotic subspace W 
with some constant C > 1. By Prop. 3.2 [19] there is G N such that 
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F G Sf3 for any Uq < F G Si. Thus Wng is also £}-asymptotic with constant 
C, and therefore also ^"-asymptotic (with constant C^). 

If a is a limit ordinal, then by assumption h{y) > h(y,C) > for 
any block subspace F of X, and Theorem 12.11 ends the proof. The case of 
£i-strong asymptoticity follows analogously. □ 

Remark 2.3. By Lemma 6.5, [10], (Remark 6.6 (iii)) the universal constant 
C (arbitrarily close to 1) in the assumption of the Corollary l2.2l is automatic 
for a = uj^, with 7 limit ordinal. 

Corollary 2.4. Let X be a Banach space of hounded distortion with a basis, 
not containing i\. If Ib{Y) = Ib{X) for any block subspace Y of X , then 
h{X) = u'^"' for some non-limit •y < ui. 

Proof Let h{X) = cj". For any /? < a, by Theorem EH X has a if- 
asymptotic subspace, thus by Prop. 11.61 Ib{X) > u^"^. Hence for any P < a 
also (32 < a, thus a = u'^ for some 7 < Wi. By Remark 5.15 (iii), [lOJ, 7 is 
not a limit ordinal. □ 

Remark 2.5. Observe that any Banach space X has a block subspace Y with 
Ib{Z) = Ib{Y), for any block subspace Z of Y. Indeed, either X contains 
ii, or Ib{X) < ui ([5]) and we can use standard diagonalization. 

Remark 2.6. We collect some known examples: 

(i) h{X) > iff 1 belongs to Krivine set of X, i.e. ii is finitely (almost 
isometrically) represented on block sequences in X. 

(ii) For any a < tui by Theorem 5.19, [lOj, and Prop. 11.61 any block 
subspace Y of the Tsirelson type space T{Sa, 1/2) (which is clearly 
^"-asymptotic) satisfies Ib{Y) = uj'^'^ , thus Ib{X) is of the form u;'^^^ . 

(iii) By Theorem 4.2, [2], mixed Tsirelson space X = T[{Sn, On)n], \ 
contains no £^-asymptotic subspace. On the other hand it was shown 
in [Hj that hiY) > u'^ for any block subspace F of X iff any block 
subspace Y admits ^f-spreading model. In such a case X is arbitrary 
distortable. It holds in particular if lim ^/9^ = 1. 

(iv) In [13] Bourgain £i-block index of mixed Tsirelson spaces was com- 
puted, as a consequence it is proved that for any a not of the form 
uj'^ , 7 limit ordinal, there is a Banach space Xq, with /^(Xq) = In 
particular it was proved that (with a special choice of sequences in 
definition of Schreier families) Ib{T{Sp^,6n)n) is either u"^^"^ or cj'^*, 
where /?n /" uj^^ i < uji successor. 

Proof of Theorem \2.1\ We can assume that X has a bimonotone basis. 
Assume X contains no arbitrary distortable subspaces, and pick a block 
subspace F of X with D-bounded distortion, for some D >1. We restrict 
our consideration to Y and use the transfinite induction. 
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Idea of the proof of the first inductive step and limit case of the second 
inductive step (the successor case is trivial) could be described as follows: 
we consider equivalent norms, whose uniform equivalence to the original 
norm would give asymptoticity of desired order. We "glue" the norms on 
some special vectors provided by high £i-index of the space (Lemmas 12.71 
and 12.81) . using methods standard now in the study of Tsirelson type spaces, 
and by the bounded distortion of a space we obtain a uniform equivalence 
of these norms to the original one on some subspace. 

First inductive step 

The result for a = 1 follows from Theorem 11.11 but we present here a 
shorter proof, whose idea was used in the proof of Theorem II . 1 1 given in |16| . 
and whose scheme will serve also in the next step. Define new equivalent 
norms on Y as follows: 

\\y\\n = sup < ll-^'j-yll : El < ■ ■ ■ < En intervals > , y EY, n eN 

We recall a standard observation providing vectors "gluing" the original 
norm and the new norms: 

Lemma 2.7. Let U be a Banach space with a bimonotone basis. Fix n eN 
and assume hiU) > uj. Then there is a vector x E U with 1/2 < < 

II II n — 2 . 

Proof of Lemma \2. 71 By Remark 12.61 (i) take a normalized block sequence 
(^i)r=i *^ U which is 2-equivalent to the unit vector basis of n^— dimensional 
£i and put X = ^ Y^7=i ^i- Obviously ||x|| > 1/2. Take any Ei < ■ ■ ■ < En 
and put 

L = {i : supp Xi intersects Ej and -Ej+i for some j} 
Since jjJ < n we have 

" 1 1 

j=l i€l iel 

We can assume that {^Ej)^_i is a blocking of {^supp Xi)i^i and hence 

j=i i0 

which ends the proof of the Lemma. 
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Now we finish the proof of the first inductive step. Applying bounded 
distortability of Y and standard diagonalization pick a block subspace Z of 
Y such that ||?/||n/||l/|| < -D||2;||n/||-2|| for any non-zero y,z E Zn, n G N. 

Fix n E N and take x G Z„ as in the Lemma I2.7[ By the choice of Z for 
any y E Zn we have \\y\\n < 4Z}||?/||. By definition of norms || ■ ||„ it follows 
that 

\\Eiy\\ + ■ ■ ■ + \\E„y\\ < 4D\\y\\ 

for any y E Z and n < Ei < ■ ■ ■ < En intervals, G N, which shows that Z 
is £j-asymptotic. 

Second inductive step 

Take 1 < a < ui and assume now that the theorem holds true for all 
^ < a. If a = /3 + 1 for some [3 < uii then by inductive hypothesis there is 
a block subspace W ofY which is £f -asymptotic, and hence ^"-asymptotic. 

If a is a limit ordinal pick with a„ a used in the definition of 

Sa. By the inductive hypothesis we can pick a subspace W oiY such that 
W is -asymptotic with some constant C„ > 1 for any n G N. 

Let I ■ |„, n G N, denote the norm given by £""-asymptoticity of W 
(Def. ll.Sp . As before we will use some special vectors in order to "glue" 
the original norm and the new norms. Those vectors - so called special 
convex combination, introduced in [3] - form the crucial tool in studying 
properties in particular of mixed and modified mixed Tsirelson spaces. In 
order to construct the vectors on £i-i^'-block trees we will slightly generalize 
the reasoning from Lemma 4, |T2] (cf. also Lemma 4.9, [4]). 

Lemma 2.8. Let U he a Banach space with a basis. Fix rj < ^ < uji 
and assume that U is i\-asymptotic with a constant Ci, ii-asymptotic and 
Ib{U,K) > LJ^ for some K > 1. Then there is a vector x E U satisfying 
^/K < \\x\\ < \x\r, < 2Ci. 

The important part of the Lemma is the fact that the estimates of the 
norms in the assertion do not depend on the £^-asymptoticity constant. 

Proof of Lemma \2.S\ Let U be -asymptotic with constant C2. Let T be a 
^i-i^'-block tree on U with o(T) > uj^. We can assume that for any (xi) G T 
also any subsequence (xj^) G T. Put 

= {(mi, . . . , mi) C N : rrii > ma.x{supp Xi), I < i < I, 
for some (xi, ■ ■ ■ ,Xi) G T} 

The family is hereditary and either non-compact or, by Prop. 13, |13j . 
compact with t(jF) > o(T) > a;^ = l{S^). Hence by Theorem 1.1, [7], there 
is an infinite M C N with 

Si: n [M]<°° C 
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Using Prop. 3.6, [19j, we get F G 5^ fl [M]<°° and positive scalars {am)meF 
such that J2m€F '^m = 1 aiid J2m€G < 1/^*2 for any G e Sr, with G C F. 
By definition of there is (xj) G T such that F = (mi,...,m;) with 
mj > max(sMpp Xi) for 1 < i < /. Let x = ^^^gf Since (xj) G T, 
we have ||x|| > 1/K. 

Take now any T^-admissible sequence Ei < ■ ■ ■ < E^. Put 

J = {j G {1, . . . , A;} : min Fj G swpp Xj^- for some ij } . 

Let / = {ij : j G J} and split the sum of the norms as folfows 

k k k 

^\\Ejx\\ < ^||Fj^a™^x,|| +^\\Ej'^am,Xi\\ 

j=i j=i iei j=i 10 

In order to estimate the first part of the sum notice that G = {rrii. : j G J} 
befongs to Srj since (minFj)^^^^ G 5^ and rrii. > mm Ej for any j G J. 
Hence by £^-asymptoticity of U and the choice of scalars {am) we have 

k 

^\\Ej^am,Xi\\ < Call ^a„^Xi|| < Ca (^rui .\\x ij II — Ca flm < 1 

j=l iel i£l jeJ m£G 

On the other hand notice that for any i ^ I and j = 1, . . . , k we have 
mm Ej < mm{supp Xj) whenever supp Xj fl Ej ^ 0. Therefore for sets 
Jj = {j : Fj n supp Xj 7^ 0}, 2 ^ /, we have jjJj < min(s-upp Xj). Hence for 
any i ^ / the sequence (Fj fl supp Xi)j^j^ is 1-admissible and thus 

k 

ll-Ej ^a^^Xill < ^a^^ ^ ll-EjXill < ^a^^CiUxiH < Ci 
i=i j^/ 10/ jeJi 10/ 

Putting those estimates together we obtain X]j=i ll-^j^ll — 2Ci which ends 
the proof of Lemma. 

Now we return to the proof of the second inductive step. Take a block 
subspace Z of W such that |2/|n/||2/|| < -^kln/lkll for any non-zero y,z in 
Zn, n G N. 

Since hiZ) > tu", then by Lemma 5.8, [101, Ib{Zn,K) > uj" for some 
K >1 and any n G N. 

Fix n G N. Thus we can use Lemma [2781 for f/ = Z„, = a„, ^ = On+i 
getting a vector x G Z„ with < ||x|| and |x|„ < 2Ci. Therefore, by the 
choice of Z, \y\n < 2Cii^D||y|| for any y G Z„. Hence, by the definition of 
the norms | ■ |„, 

\\E^y\\ + ■■■ + WE^yW < 2CiKD||?/||, yeZ 
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for any a„-admissible sequence n < Ei < ■ ■ ■ < and any n G N, i.e. 
for any a-admissible sequence Ei < ■ ■ ■ < E^, which shows that Z is 
asymptotic. 

The second part of the Theorem can be proved in the same way, replacing 
a-admissible sequences by a-allowable sequences. The first inductive step 
is provided by the assumptions on the space, the second inductive step fol- 
lows analogously since Lemma remains true if one changes "asymptotic" to 
"strongly asymptotic" and "admissible sequence" to "allowable sequence". 
Indeed in the proof we were working only on (mini^^), the fact that Ej's 
are successive was used only when applying suitable asymptoticity of the 
space. 

Remark 2.9. As it was mentioned before, the behavior of the norms applied 
in the proof was used previously in the study of arbitrary distortable spaces: 

(i) Norms (|| ■ ||„)„ used in the first step of the proof of Theorem 12 . 1 1 were 
used in the proof of arbitrary distortion of the Schlumprecht space 
[20] . It is known that such norms give (2-e)-distortion of Tsirelson 
space T[Si, 1/2] for any e > 0. 

(ii) In [IB] it was proved that in case of Tsirelson space T = T{Si, 1/2) 
the norms (|| ■ given by ^"-asymptoticity of T do not arbitrary 
distort T ([T8j, Thm 2.1, Prop. 1.1). Recall that the block ii- 
Bourgain index of any infinite dimensional subspace of T is cj'^. 

(iii) In case of the mixed and modified mixed Tsirelson spaces T[{Sa„, dn)n] 
and TM[{Sa„,On)n] studied in [3l[4l[l4], the norms (|| ■ ||a„)n distort 
the whole spaces under certain conditions on 9n)n- In [3l [4] the 
special convex combinations, which we used in our proof, are applied 
to produce an asymptotic biorthogonal system. 

3. The cq case 

We can formulate in a obvious way analogous definitions of the Co-block in- 
dex, denoted here by Jb{X), Cq -spreading models and Cq -asymptotic spaces 
obtaining different measures of "proximity" of a Banach space to Cq. The 
notion of Co-block index was investigated in particular in [lOj, in [8] higher 
order Co-spreading models were used in construction of a strictly singular 
operator on refiexive £i-asymptotic HI space. 

We will sketch here briefiy the variant of the reasoning presented in the 
previous section, proving the Theorem 12. 11 and thus in particular Corollary 
12.21 in Co case. 

Theorem 3.1. Let X be a Banach space with a basis. Fix a < ooi. Assume 
that Jb{Y) > '^^ for any block subspace Y of X . Then X contains either an 
arbitrary distortable subspace or a Cq- asymptotic subspace. 
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//, additionally, X is c\-strongly asymptotic, then X contains either an 
arbitrary distortable subspace or an Cq -strongly asymptotic subspace. 

Proof. We shall need suitable norms reflecting co-asymptoticity of a space. 

Definition 3.2. Let U he a Banacli space with a basis. Fix a < ui and 
assume U is Cq -asymptotic with constant C. The associated norm | ■ |q, is 
given by \x\a = sup{|0(x)| : G U*, |0|* < 1}, x G U, where 

|(^|* = sup 1^ ||0|sjC/ir '■ El < ■ ■ ■ < Ek a - admissiblej , G f/* 

As before, if U is Cg-strongly asymptotic, in the deflnition of associated 
norm we use allowable sequences instead of admissible ones. 

Remark 3.3. Clearly || ■ ||* < | ■ |* < C\\ ■ \\* and \x\a < max{||£'jx|| : 1 < 
j < k} for any x G f/ and a-admissible Ei < ■ ■ ■ < Ek. 

As before, we will restrict the consideration to the case where X has a 
block subspace Y with D-bounded distortion. 

First inductive step 

Define on Y* new equivalent norms as follows: 

= supj^ ||0|£^y|r : £^1 < ■■■ < ^„ intervalsj , (pEY*, neN 

Let \\y\U = sup{|0(y)| : G F*, ||0||: < 1}, y G F, n G N. 

Lemma 3.4. Let U be a Banach space with a bimonotone basis. Fix n G N 
and assume JbiU) > uj. Then there is a vector x E U with 1/2 < < 
\\x\\ < 2. 



Proof of Lemma \3.4\ Take a normalized block sequence {xi)^^^ C U which 
is 2-equivalent to the unit vector basis of Cq space of dimension and put 

2 

X = Yl^=i^i- Obviously < 2. Since the basis is bimonotone we can 
take normalized functionals C U* with 4>i{xi) = 1, 4>i{y) = for any 

2 

y E U with supp y fl supp = 0, 1 < i < n^. Put = ^ Yll=i 'Pi- Since 
0(x) = 1 it is enough to show that \\(t>\\n < 2. Take any Ei < ■ ■ ■ < En, 
define the set / exactly as in the proof of Lemma [277l and proceed computing 
norms of (pilE^u instead of EjXi. The second estimate follows from the fact 
that by the choice of (0j) for any i ^ I there is at most one 1 < j <n with 

Coming back to the proof of the first inductive step take a block subspace 
Z oiY such that ||l/||n/||l/|| < -DINIU/Ikll for any non-zero y,z E Zn and 
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any n G N. For a fixed n G N take x G Z„ as in the Lemma 13.41 and get 
4-D||?/||„ > \\y\\ for any y G It follows that 

||y|| < AD max H-Ej-yll 

j=l,...,n 

for any y & Y and n < Ei < ■ ■ ■ < En, n G N, which shows that Z is 
CQ-asymptotic. 

Second inductive step 

Take 1 < a < Ui and assume that the theorem holds true for all ^ < a. 
If a = /? + 1 for some P < ui then by inductive hypothesis there is a block 
subspace WofY which is Cg-asymptotic, and hence also CQ-asymptotic. 

If a is a limit ordinal take (a„)„ with a„ a used in the definition of 
Sa- By the inductive hypothesis we can pick a subspace WofY such that 
W is Cq" -asymptotic with some constant > 1 for any n G N. 

Let I ■ |„ and | ■ |* denote the norms on spaces W and W* given by the 
CQ"-asymptoticity of W. We need the following analogon of Lemma [231 

Lemma 3.5. Let U be a Banach space with a bimonotone basis. Fix ordinals 
7] < ^ < ui and assume that U is cl- asymptotic with a constant Ci, Cq- 
asymptotic and Jb{U,K) > for some K > 1. Then there is a vector 
X eU with l/2Ci < \x\r, < \\x\\ < K. 

Proof of Lemma \3.5[ Let U be Cp-asymptotic with constant C2. Proceed as 
in the proof of Lemma [2.81 obtaining normalized block sequence {xi)[^i in 
a Co-.ft'-block tree, a set F = (mi, . . . ,mi) G with > max{supp Xi), 
I < i < I and suitable positive scalars {am)meF- 

Pick normalized functionals C U* with 4>i{xi) = 1, 4>i{y) = for 

any y E U with supp y fl supp Xi = 1 < i < I. Put x = Yl\=i 
(p = Yl\=i (^m (pi- Then ||a;|| < K. Since = 1 it is enough to show that 
101; < 2Ci. 

Take any r^-admissible sequence Ei < ■ ■ ■ < Ek, define the sets J, / and 
Jj, for i ^ /, exactly as in the proof of Lemma 12^81 and proceed computing 
norms of (pils^u instead of EjXi. To estimate X)j=i (^rn,(pi)\Eju)\\* use 

Remark l3.3[ To estimate Yl'j=i\\iJ2i0 ^mi4>i)\Eju)\\* use Remark 13.31 and 
the fact, that 4>i\EjU = whenever j ^ Ji. 

Now we return to the proof of the second inductive step. Take a block 
subspace ZofW such that |y|n/||z/|| < for any non-zero y,z E Zn, 

n G N. 

Since Jb{Z) > tu", then Jb{Zn, K) > uj" for some K > 1 and any n G N 
(it is easy to check that Lemma 5.8 [lO] is valid also in Cq case). Fix n G N 
and use Lemma [3751 for Zn, an, ctn+i getting x E Zn with l/2Ci < \x\n < 
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||x|| < K. It follows that lli/ll < 2CiKD\y\n for any y ^ and thus 

\\y\\ < 2CiKD max \\Ejy\\ 

j=l,...,k 

for any y eY and a- admissible Ei < ■ ■ ■ < Ej,. hence Z is Cg -asymptotic. 

The part for Cg-strongly asymptotic spaces follows easily as in the ii 
case. □ 
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